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0. INTRODUCTION
In general, A will denote a right noetherian associative algebra over a
commutative noetherian ring R. Let R′ be a commutative R-algebra. If R′
is finitely generated over R, then a version of the Hilbert basis theorem
asserts that A⊗R R′ is right noetherian. We call an algebra A strongly right
noetherian if A ⊗R R′ is right noetherian whenever R′ is noetherian. The
terms strongly noetherian and strongly graded noetherian are defined in a
similar way.
An example of Resco and Small [RS] shows that a finitely generated,
right noetherian algebra may not be strongly right noetherian. This exam-
ple is reviewed at the end of the paper (Example 5.11). But many standard
constructions such as module-finite extension, localization, and Ore exten-
sion preserve the strongly noetherian property (see Section 4). In general,
one hopes that algebras which are sufficiently algebro-geometric will be
strongly noetherian. This is true for the Sklyanin algebras (Corollary 4.12).
It is not known whether or not every locally finite, -graded, right noethe-
rian R-algebra is strongly right noetherian. (“Locally finite” means that An
is a finite R-module for every n.)
If s is a nonzero element of a domain R, we call the ring Rs = Rs−1 a
simple localization. We say that an R-module M is generically flat over a do-
main R if there is a simple localization Rs such that Ms = M ⊗R Rs is flat
over Rs. Generically projective and generically free modules are defined sim-
ilarly. It is a theorem of Grothendieck that every finite right A-module is
generically free, if A is a finitely generated commutative R-algebra [EGA,
IV3, 11.2.6.1; Ei2, 14.4]. This principle was first applied to noncommutative
ring theory by Hall [Ha] and Quillen [Qu], and its applications were devel-
oped further by Duflo [Du], Irving [Ir1], Joseph [Jo], McConnell [Mc], and
Robson [McR1].
In most places, including those we have cited, people use the phrase
“generically flat” to mean what we are calling “generically free.” However,
the two notions are not equivalent, and we want to distinguish them. In-
deed, one object of this paper is to prove Theorem 0.1, which is stated
below and proved in Section 3.
We call a commutative ring R or a scheme X admissible if it is of finite
type over a ground ring which is either a field or an excellent Dedekind
domain. (One can find the definition of excellent ring in [EGA, IV2, p. 214]
or [Ma, p. 259].)
Theorem 0.1. Let A be a strongly right noetherian algebra over an ad-
missible domain R. Every finite right A-module is generically flat over R.
The case that R is a polynomial ring kx and that A = M is its field
of fractions shows that the word “flat” cannot be replaced by “free” in
generic flatness 581
this statement. Moreover, Irving has given a general method to construct
a finitely generated, strongly noetherian algebra A over a commutative
noetherian domain R, and a finite A-module M which is not generically
free over R. An example taken from [Ir1], in which R = , is reviewed at
the end of this paper (Example 5.9).
On the other hand, suppose that A = ⊕An is a locally finite graded R-
algebra and that M is a finite graded right A-module. Then each graded
component Mn is a finite R-module, and M is flat over R if and only if
Mn is projective over R for every n. In this case M is generically flat if
and only if it is generically a graded projective, meaning that all of the
graded pieces Mn can be made projective by inverting a single element
of R. Furthermore, a theorem of Bass [Ba, 4.5] asserts that an infinitely
generated projective module over a commutative domain is free, and of
course a finitely generated projective module is generically free. Combining
these remarks with Theorem 0.1 yields Theorems 0.2 and 0.3 below. These
theorems are proved in Section 3, and Section 5 contains a partial converse
to 0.2.
Theorem 0.2. Let G be a group, let R be an admissible domain, and
let A a be a locally finite, G-graded R-algebra. If A is strongly graded right
noetherian, then every finite graded right A-module M is generically graded
projective.
According to Bass’ theorem, the graded module M is actually generically
free, if one ignores the grading. We do not know whether or not all of its
graded components can be made free using a single simple localization.
If G is a polycyclic-by-finite group, then graded right noetherian is equiv-
alent with right noetherian [CQ, 2.2]; hence strongly graded right noethe-
rian is equivalent with strongly right noetherian. This is not true for all
G. For example, a group algebra over a right noetherian ring is always
graded right noetherian, but not necessarily right noetherian as an ungraded
algebra.
Note that Theorem 0.2 includes algebras graded by an abelian semigroup
0 with cancellation law such as -graded algebras, because such a semi-
group embeds into a group G, and A can be G-graded by setting Ag = 0
if g 6∈ 0.
Theorem 0.3. Let R be an admissible domain, and let A be an -filtered
R-algebra whose associated graded algebra is locally finite and strongly right
noetherian. Then every finite right A-module is generically free.
An algebra A is called a Jacobson algebra if every prime ideal is an in-
tersection of primitive ideals. Following Irving, we say that an algebra A
over a field k satisfies the Nullstellensatz if EndAM is algebraic over k for
every simple right A-module M . (This is called the “endomorphism prop-
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erty” in [McR2].) If A is a finitely generated algebra over an uncountable
field k, then A is a Jacobson algebra and the Nullstellensatz holds. It fol-
lows from Quillen’s ideas that this is also true if A is right noetherian and
if every finite right At-module is generically free over kt. On the other
hand, Irving [Ir2] gave an example of a finitely generated right noetherian
algebra A over a field which does not satisfy the Nullstellensatz, so there
is a finite right At-module M which is not generically free over kt. The
next theorem, which is proved in Section 3, does not depend on the pre-
vious results. It is true because generic freeness is automatic for filtered
algebras over a principal ideal domain:
Theorem 0.4. Let A be an -filtered algebra over a field k, whose asso-
ciated graded ring is locally finite and right noetherian. Then A is a Jacobson
algebra which satisfies the Nullstellensatz.
Our proof of Theorem 0.1 uses an infinite blowing up process to reduce
to codimension one. The method seems interesting in its own right, and it
might have another application. The following “curve criterion” for closed
sets, which is proved in Section 2, is a simplified version:
Theorem 0.5. A subset C of an admissible scheme X is closed if for
every map φx X ′ → X, where X ′ = SpecR′ and R′ is a Dedekind domain,
the inverse image φ−1C is closed.
In this theorem, it is not sufficient to take Dedekind domains of finite
type over the ground ring as test rings, but see Theorem 2.1.
We thank Paul Smith for supplying a graded version of the density the-
orem (Theorem 4.21), Johan de Jong for Theorem 5.1, and Toby Stafford
for suggesting a simplification in the proof of Theorem 5.4.
1. BLOWING UP A CRITICALLY DENSE SEQUENCE
In the next two sections, the rings are commutative.
An infinite subset C of a noetherian scheme X will be called critically
dense if it consists of closed points, and if either of the following equivalent
conditions holds:
(1) for every proper closed subset Y ⊂ X, Y ∩ C is finite, or
(2) every infinite subset of C is dense.
Proposition 1.1. (1) An infinite subset of a critically dense set is criti-
cally dense.
(2) A scheme which contains a critically dense subset is irreducible.
(3) Let φx X ′ → X be a dominant map of irreducible noetherian
schemes which carries closed points to closed points. If C′ is critically dense
in X ′, then φC′ is critically dense in X.
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(4) Let φx X ′ → X be a dominant, finite type, and quasi-finite map of
irreducible noetherian schemes. If C is critically dense in X, then φ−1C is
critically dense in X ′.
(5) Any infinite set of closed points of an irreducible scheme of dimension
1 is critically dense.
(6) Every irreducible scheme of positive dimension and of finite type over
a field contains a critically dense set.
Proof. We leave (1)–(5) to the reader. To prove (6), one uses (3) and
(4) to reduce to the case that X is a projective space and that the ground
field k is algebraically closed. An infinite subset C of a projective space X
is critically dense if Y ∩C is finite for every hypersurface Y . The divisors of
degree d in X are parametrized by a projective space Hd, say of dimension
hd. For r ≤ hd, the divisors whose supports contain a set S of r rational
points in general position are parametrized by a linear space LdS of codi-
mension r in Hd. Let us say that a set P of rational points has the property
GPd if for every subset S of order r, LdS has codimension r if r ≤ hd,
and is empty if r > hd. So if GPd is true, then a hypersurface Y of degree
d contains at most hd of points of P . We choose inductively a sequence of
rational points C = c1; c2; : : : in X, choosing c1; : : : ; cn so that for all
d ≤ n, the set cd; : : : ; cn has the property GPd. Then the subsequence
cd; cd+1; : : : has the property GPd, so a hypersurface Y of degree d
contains at most hd points ci with i ≥ d. Therefore C = c1; c2; : : : is
critically dense.
Let R be a domain, let c be a closed point of X = SpecR, and let ˝
be the associated maximal ideal of R. Assume that c is a nonsingular point
of X. The projective blowing up of c in X is covered by standard affine
open sets which we call affine blowups of c: Let x0; x1; : : : ; xr be a set
of generators for ˝ such that x0 6∈ ˝2. Then R′ = Ry1; : : : ; yr, where
yi = x−10 xi, is the coordinate ring of such an affine blowup. We may also
refer to R′ as an affine blowup of R at c. It depends on the choice of
a denominator x0 ∈ ˝ − ˝2 as well as on the point c. If x0; : : : ; xr is
a regular system of parameters at c, the affine blowup R′ is the quotient
of the polynomial ring RY1; : : : ; Yr, modulo the ideal generated by the
elements
x0Yi − xi; i = 1; : : : ; r 1:2
(see [Ei2, p. 441]). The geometry of an affine blowup is described in the
next lemma, in which pix X ′ → X denotes the structure map, and X ′′ =
SpecRx−10 .
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Lemma 1.3. With the above notation:
(1) X ′′ is an open subscheme of X and of X ′.
(2) The ideal x0R′ is prime and is equal to ˝R′. Its locus of zeros is
the exceptional divisor E = pi−1c, and E is an affine space over the residue
field kc.
(3) X ′ is nonsingular at every point of E. The local ring at the general
point η of E is a discrete valuation ring.
(4) Let P ′ be a prime ideal of R′, and let P = P ′ ∩ R. If P 6⊂ ˝, then
PR′ = P ′.
Let R be an admissible domain and let C = c1; c2; : : : be a sequence
of distinct nonsingular closed points of X = SpecR. (By sequence, we mean
infinite sequence.) Let ˝i be the maximal ideal at ci. Assume that for each
i, we are given an element xi ∈ ˝i −˝2i which is not in ˝j for any j 6= i.
Then we can form a sequence R ⊂ R1 ⊂ R2 ⊂ · · · of affine blowups, in
which Rn is obtained from Rn−1 by blowing up the point lying over cn,
using the given element xn as denominator. We set eR = SRn, and we
call eR or eX = Spec eR an infinite blowup of C. One can define blowups of a
sequence somewhat more generally, but these are enough for our purposes.
So when speaking of an infinite blowup of C, we tacitly assume that ci are
nonsingular points of X and that the required denominators xi exist.
Let Xn = SpecRn. The map Xn → X is an isomorphism at the point ci
if i > n, and we will use the same symbol ci to denote the corresponding
point on Xn. For i ≤ n, the point ci is replaced by an exceptional divisor, its
inverse image in Xn, and the map eX → Xn is an isomorphism above this
exceptional divisor. We will use the symbol Ei to denote the inverse image
of ci in eX and in Xn when n ≥ i.
Corollary 1.4. (1) The local rings of the infinite blowup eR are essen-
tially of finite type over R, i.e., they are localizations of finite type algebras.
(2) For every i, the exceptional divisor Ei is an affine space over the
residue field kci, and the local ring of eR at the general point of Ei is a
discrete valuation ring.
Theorem 1.5. The infinite blowup eR is noetherian if and only if the se-
quence C is critically dense.
Proof. Assume that the sequence C is critically dense. To show that eR
is noetherian, it suffices to show that every prime ideal eP of eR is finitely
generated. This is a theorem of Cohen [Na, p. 8; Ei2, Exc. 2.22]. We may
assume that eP 6= 0. Set Pn = eP ∩Rn and P = eP ∩R. Since Rn is noetherian,
Pn is finitely generated. Also PnRn+1 ⊂ Pn+1, and eP = SPn. So eP is finitely
generated if and only if there is an integer r such that PnRn+1 = Pn+1 for all
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n ≥ r. Let Y = V P be the locus of zeros of P in X and let Yn = V Pn
in Xn. Note that P 6= 0 because R and eR have the same field of fractions
and eP 6= 0. Therefore Y is a proper closed set which contains only finitely
many of the points cn. Say that cn 6∈ Y for n ≥ r. Then it is also true that
in Xr , the point cn is not in Yr for n ≥ r. Replacing X by Xr and shifting
indices reduces us to the case that cn 6∈ Y for all n. Then 1.3(4) asserts that
P1 = PR1, and by induction that Pn = PRn for all n.
On the other hand, if the sequence is not critically dense, there is a
proper closed set Y ⊂ X which contains infinitely many of the points ci. It’s
inverse image in eX is closed, and it has infinitely many of the exceptional
divisors Ei as irreducible components. Therefore eR is not noetherian.
The next proposition tells us that an infinite blowup can be constructed
from a subsequence of a critically dense set.
Proposition 1.6. Let R be an admissible domain and let C be a critically
dense set in X = SpecR. There is a sequence c1; c2; : : : of distinct nonsin-
gular points of C such that, denoting the maximal ideal at ci by ˝i, there exist
elements xi ∈ ˝i −˝2i with xi 6∈ ˝j if i 6= j.
Proof. We may replace C by any infinite subset. Since R is admissible,
the singular locus Y of X is a proper closed set [EGA, IV2, 7.8.3iv; Ma,
pp. 259, 246]. So finitely many points of C are in Y , and we begin by delet-
ing them. Then we construct a sequence recursively as follows: Suppose
that we have determined a string of distinct points c1; : : : ; cn−1 in C, to-
gether with elements xi ∈ ˝i −˝2i which do not vanish at any point of C
except at ci. We choose an arbitrary point cn of C which is distinct from
c1; : : : ; cn−1. There exists an element xn ∈ ˝n −˝2n which does not van-
ish at c1; : : : ; cn−1. Since C is critically dense, xn vanishes at only finitely
many points of C in addition to cn. After throwing those points out of C,
our string is extended to length n, while C remains infinite.
2. A CHARACTERIZATION OF CLOSED SETS
The next theorem includes Theorem 0.5.
Theorem 2.1. A subset C of an admissible scheme X is closed if and only
if the following criterion is satisfied:
For every map φxX ′ → X, whereX ′ is the spectrum of a Dedekind domain,
the inverse image φ−1C is closed.
The analogous assertion holds when the word “closed” is replaced by “con-
structible” or by “open.” Moreover, it suffices to verify this condition for
Dedekind domains R′ whose local rings are essentially of finite type over X.
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Theorem 2.1 is not in quite the right form for our application to generic
flatness. Theorem 2.3 below has a slightly more complicated statement, but
it does apply. Let Z be an admissible scheme, and let P be a property which
holds for certain noetherian schemes over Z. Assume that P is functorial:
if Y ′ → Y is a Z-map then PY  implies PY ′, and also local: P holds
for Y if it holds for all local rings of Y . We may write PR for PX when
X = SpecR.
We say that a functorial property P is generic if it satisfies one of the
equivalent conditions of the proposition below.
Proposition 2.2. The following conditions on a functorial property P are
equivalent:
(1) For every commutative domain R over Z, there is a simple local-
ization R′ of R such that PR′ is true.
(1′) For every commutative domain R of finite type over Z, there is a
simple localization R′ of R such that PR′ is true.
(2) There is a partition of Z into reduced, locally closed subschemes
V1; : : : ; Vr , such that PVi is true for i = 1; : : : ; r.
Theorem 0.1 can be restated by saying that, with the hypotheses of that
theorem, flatness is a generic property.
Let P be a property, and let X = SpecR be a scheme over Z. For
p ∈ X, let Rp denote the local ring at p. We denote by CR the set of
points p ∈ X such that P does not hold for Rp, and by GR the set of
points p ∈ CR such that q 6∈ CR for every point q which has p in
its closure—the general points of the set CR. The closures of GR and
CR are equal, and no point of GR has another point of GR in its
closure.
Theorem 2.3. Let Z be an admissible scheme. A functorial, local property
P of noetherian schemes over Z is generic if it satisfies the following conditions:
(G1) Let R be a regular local ring of dimension ≥ 2, essentially of finite
type over Z, and let ˝ denote its maximal ideal. Let R′ be an R-algebra which
is either the localization of the polynomial ring Rt at its prime ideal ˝t, or
else has the form R/xR, where x ∈ ˝−˝2. Let p and p′ denote the closed
points of SpecR and SpecR′ respectively. If GR = p, then GR′ = p′.
(G2) Proposition 2.2(1) is true when R is a Dedekind domain or a field.
Since the property P is functorial, it is equivalent for (G1) to say that if
GR = p, then P does not hold for R′. Also, (G2) for a field K simply
asserts PK.
The proofs of Theorems 2.1 and 2.3 are at the end of this section.
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Proposition 2.4. Let O be a Dedekind domain, and let R be a normal
domain of finite type over O which contains O as subring. Let X = SpecR
and S = Spec O. There is a localization O ′ of R which is a Dedekind domain,
such that the closed points of Spec O ′ are precisely the general points of the
irreducible components of the closed fibres of X/S.
For the proof, we will refer to a closed fibre Xs of X over a point s ∈ S
simply as a “fibre,” and to an irreducible component as a “component.”
Because the ideal of s in S is locally principal, every component of Xs has
codimension 1 in X.
It suffices to prove the following lemma:
Lemma 2.5. Let Y be a proper irreducible closed subset of X which is not
a component of a fibre. There is an element f ∈ P which is zero on Y , but
which does not vanish identically on any component of a fibre.
Suppose that the lemma has been proved. For each proper irreducible
closed subset Y which is not a component of a fibre, we choose an element
f = fY as in the lemma, and we let O ′ be the ring obtained from R by ad-
joining the inverses of all of these elements. Then Spec O ′ can be identified
with the subset of X of points such that the corresponding prime ideals Q
do not contain any of the elements fY . These are the general points of the
components of the fibres, together with the general point of X. So O ′ is a
normal domain of Krull dimension 1—a Dedekind domain.
Proof of Lemma 2:5: Let K;L be the fields of fractions of O and R
respectively, and let K′ be the separable algebraic closure of K in L. We
may replace O by its integral closure in K′ [Ei2, 13.14]. Then the general
geometric fibre of X/S is irreducible, though not necessarily reduced, and
only finitely many fibres Xs are reducible, in the sense that they have more
than one component [EGA, IV3, 9.7.7].
Every proper irreducible closed subset Y which is not a component of
a fibre is contained in one of codimension 1. So we may assume that Y
has codimension 1, and that it does not lie over a closed point of X. The
image of Y in S is a constructible set which contains the general point, so
it is the complement of a finite set. This means that there are only finitely
many points s ∈ S such that Y ∩Xs = Z.
Let P be the prime ideal of height 1 which corresponds to Y . We choose
an element g ∈ P which restricts to zero on the reducible fibres and on the
fibres which do not meet Y . It may also restrict to zero on finitely many
other fibres. Then if g vanishes on any component of a fibre Xs, it vanishes
on the whole fibre. Let F denote the finite set of points s ∈ S such that g
vanishes on Xs.
Next, we choose h ∈ P , so that h 6∈ P2, and so that h is not identically
zero on any component of a fibre Xs, for s ∈ F . Since R is normal, the local
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ring RP is a discrete valuation ring, and since h 6∈ P2, h generates the ideal
PRP . It follows that an irredundant primary decomposition of the principal
ideal hR has the form P ∩Q, where Q is an intersection of primary ideals
and P is not in the support of Q. Setting Z = V Q, every component of
Y ∩ Z has codimension at least 2 in X. If s is a closed point of S, then
the fibre Ys of Y over S has codimension 1 in Y , hence its codimension
in X is precisely 2. It follows that only finitely many of these fibres Ys are
contained in Y ∩Z. Let us denote the set of s such that Ys ⊂ Y ∩Z by F ′.
We claim that the element f = gn+h is as required, provided that n 0.
Since f does vanish on Y , we must verify that f is not identically zero on
any component of a fibre Xs.
Case 1: s ∈ F . Then g vanishes on Xs, but h does not vanish on any
component of Xs, so neither does f .
Case 2: s 6∈ F and s 6∈ F ′. The fibre Xs is irreducible, and Ys 6⊂ Y ∩ Z.
Let y be a point of Ys not in Y ∩Z. In the local ring of R at y, h generates
P , so h divides g. Then, provided that n ≥ 2, f = hu, where u is a local
unit. So f does not vanish on Xs.
Case 3: s 6∈ F and s ∈ F ′. The fibre Xs is irreducible, and Ys is not
empty. Let y be a point of Ys, and let t be a local generator for the maximal
ideal of O at s. If fm = gm + h and fn = gn + h both vanish on Xs, where
say m < n, then α = fn − fm = gmgn−m − 1 also vanishes on Xs. So t
divides a power of α. Locally at y, gn−m − 1 is a unit. So t divides a power
of g. This means that g vanishes on Xs, contrary to the hypothesis that
s 6∈ F . It follows that fn vanishes on Xs for at most one n. Since there are
finitely many of these points s, fn does not vanish on Xs if n 0.
This completes the proof of the lemma and of Proposition 2.4.
Lemma 2.6. Let R be a domain of finite type over a Dedekind domain O.
(1) If Spec O is an infinite set, then every closed point of X = SpecR
lies over a closed point of Spec O.
(2) Suppose that SpecR is infinite. There exists a finite type extension
O → O1 of Dedekind domains and a simple localization R1 of R such that
O1 ⊂ R1, R1 is of finite type over O1, and Spec O1 is infinite.
Proof. (1) The image of a closed point ofX is a constructible set which
consists of a single point.
(2) We replace O by its image in R, which either is isomorphic to
O or else is a field. If Spec O is finite, R cannot be algebraic over O. We
make a simple localization of O to reduce to the case that O is a field. The
corresponding simple localization of R is not algebraic either, so SpecR
remains infinite. Finally, if O is a field, then R contains an element z which
is transcendental over O, and we set O1 = Oz.
generic flatness 589
Proposition 2.7. Let R be an admissible ring, and let G be an infinite set
of points of X = SpecR. Assume that no point of G lies in the closure of
another point of G. There exists an admissible nonsingular domain R′ which
is a localization of a quotient of R, such that G ∩ X ′ is critically dense in
X ′ = SpecR′.
Proof. We denote the ground ring by O and we set S = Spec O by S
as before. If an R-algebra is denoted by R′, we will denote its spectrum
by X ′. The hypothesis on the closures of the points carries over to any
localized quotient R′. So we may use induction on the dimension of X.
Among admissible R-algebras R′ which are localizations of quotients of R,
we choose one of minimal Krull dimension such that G′ = G ∩X ′ is infinite,
and we replace X by X ′. We may also assume that X is irreducible. This
reduces us to the case that R is a domain and that G ∩ Y is finite for
every proper closed subset Y of X. These facts are preserved when R is
replaced by a simple localization, so we may assume in addition that R
is nonsingular [EGA, IV2, 7.8.3.iv; Ma, pp. 259, 246]. By 2.6, we may also
assume that O ⊂ R and that O has infinitely many maximal ideals. It suffices
to show that, after a further simple localization, G consists of closed points.
Let k be the field of fractions of O. The localization R′ = R⊗O k of R
has lower Krull dimension than R, because it contains none of the closed
points of X. Therefore G ∩ X ′ is finite. A simple localization eliminates
these points. Thus we may assume that every point of G lies over a closed
point of S.
Let dx denote the dimension of the closure of a point x in G, i.e., the
transcendence degree of the residue field extension kx/kp, where p is
the image of x in S. Let d be the largest integer such that dx = d for
infinitely many x ∈ G. A simple localization eliminates the points such that
dx > d. Suppose that d > 0, and write R as quotient of a polynomial
ring Oz1; : : : ; zn. For each x such that dx = d, at least one zν has a
residue in kx which is transcendental over kp. Therefore for some
ν, the residue of zν = z is transcendental for infinitely many x ∈ G. Let
Z = Spec Oz. If the residue of z in kx is transcendental over kp,
then x lies over the general point of the fibre Zp of the map Z→ S. Let O ′
be the localization of Oz whose closed points are the general points of the
fibres of Spec Oz over S, as in 2.4. Let R′ be the localization O ′ ⊗Oz R
of R. Then O ′ is an excellent Dedekind domain [EGA, IV2, 7.8.3ii; Ma,
p. 259] and R′ is admissible because it is of finite type over O ′. Moreover,
G ∩X ′ is infinite. On the other hand, R′ has lower Krull dimension than R
because X ′ contains none of the closed points of X. This contradicts the
minimality of dimR, which completes the proof of the proposition.
Proposition 2.8. Let eR be an infinite blowup of a critically dense se-
quence C = c1; c2; : : : of points of X = SpecR, where R is an admissible
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domain. There is a localization O ′ of eR which is a Dedekind domain, such that
the closed points of S′ = Spec O ′ are the general points ηi of the exceptional
divisors Ei.
We remark that the Dedekind domain O ′ of 2.8 depends only on the
sequence C, and not on the choice of the denominators used in the defini-
tion of the blowup, because the local ring of eR at ηi does not depend on
this choice. However, our construction of the blowup does require that the
denominators exist.
Proof of Proposition 2:8: As in the proof of 2.4, it suffices to prove
Lemma 2.9. Let eY be a proper, irreducible closed subset of eX = Spec eR
which is not one of the exceptional divisors Ei. There is an element f ∈ eR
which vanishes on eY but does not vanish at any of the points ηi.
Proof. We start with any element f ∈ eR which vanishes on eY . It may
also vanish at finitely many of the points ηi. But the ideal of the exceptional
divisor Ei is principal, generated by the denominator xi which is used in
the construction of eR [1.3(2)]. So we may adjust f so that it does not vanish
at any point ηi.
Proof of Theorem 2:1: We refer to the criterion of 2.1 as the curve cri-
terion for short. One implication of the theorem is clear: If C is closed (or
open, or constructible) then so is its pullback via any map X ′ → X, so the
curve criterion holds. To prove the other implication, we assume that C is
not closed (or open, or constructible), and we show that the curve criterion
does not hold.
Let eC be the complement of C in X. Then eC is constructible if and only
if C is constructible, and eC is open if and only if C is closed. Moreover, the
curve criterion is satisfied for eC if and only if it is satisfied for C, because,
with the notation of 2.1, φ−1eC is the complement of φ−1C in X ′. This
shows that the characterization of open sets follows from that of closed
sets, so we do not need to consider it further.
Let G be the set of general points of C, i.e., the set of points p ∈ C such
that q 6∈ C for every point q which has p in its closure.
Lemma 2.10. If G is infinite, then the curve criterion does not hold, and
C is not closed or constructible.
Proof. Proposition 2.7 reduces us to the case that G, and hence C, is
a critically dense subset of X = SpecR, and that X is nonsingular. By
1.6, we may blow up a subsequence of C. Then the Dedekind domain O ′
constructed in 2.8 has the property that the inverse image of C in Spec O ′
is a sequence of closed points ηi; hence it is not closed or constructible.
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It remains to treat the case that G is finite. If so, then for at least one
point p ∈ G, the restriction of C to the closure of p is not closed, or
constructible, respectively. We may replace X by the closure of p; hence
we may assume that X is irreducible and that C contains its general point.
Suppose that C is not closed. Then there is a point x ∈ X which is not
in C. The scheme X may be singular at x, but we blow it up anyway. Let
X ′ denote the normalization of the blowing up of X at x. The exceptional
fibre of this normalized blowing up has a point η of codimension 1 in X ′,
at which the local ring R′η is a discrete valuation ring [Ei2, 11.13; Na, 33.2].
The pullback of C to SpecR′η contains the general point but not the closed
point. So it is not closed.
Suppose that C is not constructible. Then neither is its complement eC,
and it suffices to show that the curve criterion fails for eC. The set of general
points eG of eC does not include the general point of X. If eG is infinite, we
apply 2.10. If eG is finite, then its closure is a proper closed subset of X.
In this case we use induction on the dimension of X. This completes the
proof of Theorem 2.1.
Lemma 2.11. Let P be a functorial local property of schemes over an ad-
missible scheme Z, which satisfies condition (G1) of 2.3. Let R be a regular
local OZ-algebra essentially of finite type, and let R′ be an affine blowup of its
closed point p. Let R′η be the localization of R
′ at the general point η of the
exceptional divisor. If GR = p, then GR′η = η.
Proof. Let x0; : : : ; xn be a regular system of parameters in R. Then
R′ is the quotient of the polynomial ring RY1; : : : ; Yr, modulo the ideal
generated by the elements 1.2, and η is the general point of the closed fibre
of SpecRY1; : : : ; Yr. The elements 1.2 form part of a regular system of
parameters at η. So R′η can be obtained by a sequence of ring extensions
of the types mentioned in (G1).
Proof of Theorem 2:3: It suffices to verify 2.2(1′). Given a domain R of
finite type over Z, we replace Z by X = SpecR. Suppose that 2.2(1′) fails to
hold for R. Then CR and GR are dense in X. We replace R by a simple
localization which is nonsingular: GR remains dense, and (G2) tells us
that the general point of X is not in GR. So GR is infinite. Proposition
2.7 yields an admissible nonsingular domain R′ which is a localization of
a quotient of R, such that GR ∩ SpecR′ is critically dense in SpecR′,
and (G1) tells us that this set is precisely GR′. We replace R by R′, and
we form an infinite blowup of eR at a subsequence c1; c2; : : : of GR.
Proposition 2.8 provides a Dedekind domain O ′ which is a localization ofeR and whose closed points are the general points ηi of the exceptional
divisors of a subsequence of the sequence ci. Then by 2.11, GO ′ is infinite.
This contradicts (G2).
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3. GENERIC FLATNESS
This section is devoted to the proof of the first four theorems stated in
the Introduction.
Lemma 3.1. Let A be a right noetherian algebra over a noetherian com-
mutative ring R, and let M be a finite right A-module. If R1 is a finitely
generated commutative R-algebra and N is a finite R1-module, then for all i,
TorRi M;N is a finite right A⊗R R1-module.
Proof. We may assume that R1 is a polynomial ring over R, hence that
it is flat. Then the Tor can be computed using a projective resolution of N
as R1-module.
Lemma 3.2. Let A be a right noetherian algebra over a noetherian com-
mutative local ring R, and let M be a finite right A-module. Let I be an ideal
of R, and set R = R/I. Suppose that M is not flat over R, but that for all
x ∈ I, Mx−1 is flat over Rx−1. (In other words, the restriction of M to the
open complement of SpecR in SpecR is flat). Then
(1) For every R-module N , TorR1 M;N is annihilated by a power of I.
(2) There is a prime ideal Q of R containing I such that
TorR1 M;R/Q 6= 0.
Proof. (1) This is true because Tor is compatible with localization.
If x ∈ I, then Mx−1 is flat over Rx−1, and TorR1 M;Nx−1 = 0. So
TorR1 M;N is I-torsion. Since it is also a finite right A-module (Lemma
3.1), it is annihilated by a power of I.
(2) Since M is not flat, TorR1 M;N 6= 0 for some finite R-module
N . We may choose N so that the dimension of its support is minimal.
Let 0 → N1 → N2 → N3 → 0 be an exact sequence. If TorR1 M;Ni = 0
for i = 1; 3, then the same is true for i = 2. Since any finite module has a
filtration whose successive quotients are isomorphic to modules of the form
R/Q, where Q are prime ideals, we may assume that N has this form.
Suppose that Q does not contain I, and choose an element x ∈ I which
is not in Q. Consider the exact sequence 0→ N x→ N → N → 0 and the
associated Tor sequence
· · · → TorR1 M;N
x→ TorR1 M;N → TorR1 M;N → · · · :
Since T = TorR1 M;N is a finite A-module which is x-torsion [Lemmas
3.1, 3.2(1)], it is annihilated by a power of x. The nilpotent Nakayama
lemma shows that T/Tx 6= 0, hence that TorR1 M;N 6= 0. This contradicts
the minimality of N . Therefore Q ⊃ I.
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Lemma 3.3. Let A be an algebra over a noetherian commutative domain
R, and let M be a right noetherian A-module. Let T denote the subset of M
of R-torsion elements.
(1) T is a finite right A-module, and it is annihilated by a nonzero
element of R.
(2) There is a simple localization R′ of R such that M ⊗R R′ is R′-
torsion free.
(3) If T is not zero locally at a point p, then M is not flat at p.
(4) If R is a Dedekind domain, then M is flat if and only if T = 0.
Hence there is a simple localization R′ of R such that M ⊗R R′ is R′-flat.
Proof of Theorem 0:1: We change notation, denoting the objects R, A,
and M which appear in the statement of the theorem by R0, A0, and M0.
Thus R0 is an admissible commutative noetherian ring, and M0 is a fi-
nite right module over the strongly right noetherian R0-algebra A0. We set
Z = SpecR0, and we denote by A;M the algebra and module obtained
from A0;M0 by extension of scalars to a commutative R0-algebra R. Let
F denote the flatness property for the A0-module M0: For a noetherian
R0-algebra R,
F R means that M is flat over R. 3:4
This property is functorial and local. As in Theorem 2.3, we define the
associated sets G consisting of the general points at which F fails: GR is
the set of points of X = SpecR such that Mp is not flat over the local ring
Rp, but Mq is flat over Rq for every point which has p in its closure.
The next lemma follows from 3.2 and 3.3.
Lemma 3.5. Let kp and ˝p denote the residue field and maximal ideal
of a point p ∈ GR. Then
(1) TorR1 M;kp 6= 0.
(2) If R is a domain and if p ∈ GR, the R-torsion submodule of M
is annihilated by a power of the maximal ideal ˝p.
Now to prove Theorem 0.1, we verify the conditions of 2.3 for the flat-
ness property. Condition (G2) follows directly from 3.3(4). So the proof is
completed by the next lemma.
Lemma 3.6. Condition (G1) of 2.3 holds for F .
Proof. Actually, (G1) holds for F whenever A0 is right noetherian. It
need not be strongly right noetherian. In the notation of (G1), we must
show that M ′ = M ⊗R R′ is not R′-flat. First, if R′ is the localization of
Rt at the prime ideal ˝t, then R′ is faithfully flat over R. In this case,
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TorR1 M;kp ⊗ R′ ≈ TorR
′
1 M ′; kp ⊗ R′, and since the left hand term
is not zero [Lemma 3.5(1)], M ′ is not R′-flat. Suppose that R′ = R/xR,
where x ∈ ˝−˝2. So M ′ =M/Mx.
Case 1: The R-torsion submodule T of M is not zero. Then it is anni-
hilated by a power of the maximal ideal, hence by a power of x [Lemma
3.5(2)]. The nilpotent Nakayama lemma shows that T/Tx is not zero. This
is a submodule of M ′ annihilated by a power of ˝. Since dimR′ ≥ 1, M ′ is
not R′-torsion free, and hence not R′-flat.
Case 2: M is R-torsion free. Tensoring M with the exact sequence
0→ R x→ R→ R′ → 0
shows that TorR1 M;R′ = 0. Then the exact sequence
TorR1 M;R′ ⊗ kp → TorR1 M;kp → TorR
′
1 M ′; kp → 0
[Rot, p. 359] shows that
TorR1 M;kp ≈ TorR
′
1 M ′; kp:
Since p ∈ G, the left-hand term is not zero [Lemma 3.5(1)]. Therefore the
right-hand term is not zero either, and so M ′ is not R′-flat.
This proof can be carried over to a locally noetherian Grothendieck cat-
egory. In particular we have the following corollary.
Corollary 3.7. Let R be an admissible domain and G a group. Let A
be a G-graded, graded right noetherian R-algebra and M a finite graded right
A-module which is not generically flat over R. There exists a Dedekind domain
R′ which is an R-algebra, such that there are infinitely many points of SpecR′
at which M ′ = M ⊗R R′ is not flat. Hence M ′ is not graded right noetherian
and A is not strongly graded right noetherian.
Theorem 0.2 follows from 3.7. To prove Theorem 0.3 we need the fol-
lowing proposition. Recall that an -filtered R-algebra A has a filtration
Fn n ≥ 0 by R-submodules, such that 1 ∈ F0, FiFj ⊂ Fi+j , and A =S
n Fn. The associated graded ring is the R-algebra grA =
L
n Fn/Fn−1:
Proposition 3.8. Let R be a commutative domain; let A = SFn be an
-filtered R-algebra. If every finite graded right grA-module is generically
projective over R, then every finite right A-module is generically free over R.
Proof. Let M be a finite right A-module. Since M is finite, there is
a finite R-submodule N ⊂ M such that M = NA. Let Ln = NFn. Thus
grM x= Ln Ln/Ln−1 is a finite graded grA-module. By hypothesis,
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there is an 0 6= f ∈ R such that grMf is projective over Rf . Hence every








and it is projective over Rf . By Bass’ theorem [Ba, 4.5], M is free if it is
an infinitely generated R-module, and M is generically free if it is finitely
generated. Thus M is generically free in every case.
The following lemma is well known. Part (1) is implicitly in [Qu] and
explicitly in [McR2, 9.3.11]. Part (2) is a special case of [Ir1, II.5; McR2,
9.2.6].
Lemma 3.9. Let A be a right noetherian algebra over a field k.
(1) If every simple right At-module is generically free over kt, then
A satisfies the Nullstellensatz.
(2) If Ax satisfies the Nullstellensatz, then A is a Jacobson algebra.
Let A be an algebra over a commutative ring R. Let σ be an R-linear
automorphism of A, and let δ be an R-linear σ derivation. Then the Ore
extension Ax; σ; δ is an R-algebra.
Proposition 3.10. Let R be a commutative domain. Let A be a right
noetherian R-algebra such that every finite right A-module is generically free
over R. Let Ax; σ; δ be an Ore extension for an R-linear automorphism σ
and an R-linear σ-derivation δ. Then every finite right Ax; σ; δ-module is
generically free over R.
Proof. The Ore extension Ax; σ; δ is an -filtered R-algebra and its
associated graded ring is Ax; σ with deg x = 1. It suffices to prove that ev-
ery finite graded right Ax; σ-module M is generically free over R (Propo-
sition 3.8). The automorphism σ of A can be extended to an automorphism
of Ax; σ by σx = x. The σ-twisted module Mσ is M as an R-module
with right multiplication defined by m · a = mσa for all m ∈ M and
a ∈ Ax; σ. Consider the Ax; σ-linear map Mσ −1 → M defined by
multiplication by x. The kernel and cokernel of this map are finitely gen-
erated graded modules on which x acts trivially, so they are finite graded
right A-modules. They are zero except in finitely many degrees, and for
large degree, say n > n0, the R-linear map Mn−1
x→ Mn is bijective. To
make M free over R, it suffices to make Mi free for i ≤ n0. Since each
Mi is a finite A-module, it is generically free by hypothesis, so this can be
done.
Proof of Theorem 0:4: Let B be an algebra over kt. Since kt is a
Dedekind domain, every noetherian right B-module is generically flat over
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kt [Lemma 3.3(4)]. If B is also graded, then every right noetherian, locally
finite, graded right B-module is generically projective and hence generi-
cally free, over kt. Together with 3.8, these remarks show that if A is a
right noetherian -filtered k-algebra, then every finite right At-module
is generically free over kt. By 3.10, every finite right Axt-module is
generically free over kt. Theorem 0.4 now follows from from 3.9.
4. STRONGLY NOETHERIAN AND UNIVERSALLY
NOETHERIAN ALGEBRAS
In this section, we review some basic situations in which extension of
scalars preserves the noetherian property. Most of the results are well
known.
No general criterion analogous to the Hilbert basis theorem is known
for tensor products of noncommutative right noetherian rings. However, in
most cases in which we are able to prove that an R-algebra A is strongly
right noetherian, we can also show that A⊗R R′ is right noetherian when
R′ is a noncommutative right noetherian R-algebra. We call an R-algebra
A universally right noetherian if A⊗R R′ is right noetherian for every right
noetherian R-algebra R′, commutative or not. Similarly, a right A-module
M is universally noetherian if M ⊗R R′ is a noetherian right A⊗R R′-module
for every right noetherian R-algebra R′. An R-algebra A is universally
noetherian if both A and its opposite ring Aop are universally right noethe-
rian.
In what follows, the phrase (universally) right noetherian can stand for
any of the properties “right noetherian,” “strongly right noetherian,” or
“universally right noetherian.”
Proposition 4.1. Let A→ B be a homomorphism of R-algebras.
(1) In each of the following cases, if A is (universally) right noetherian,
then so is B:
(a) B is a finite right A-module.
(b) B is an Ore extension of A, of the form Axyσ; δ or
Ax; x−1; σ.
(c) B is an almost normalizing extension of A.
(d) B = AS−1, where S is a right denominator set in A.
(e) B is obtained from A by a sequence of steps of the above forms;
for example, B is a commutative ring essentially of finite type over A, or a
constructible algebra.
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(2) If B is (universally) right noetherian, then so is A, provided that one
of the following holds:
(a) AB is faithfully flat.
(b) A ⊂ B and B/A is a finite right R-module.
(3) Let B be a G-graded algebra, let G′ ⊂ G be a subgroup, and let
A =Lg∈G′ Bg. If B is (universally) graded right noetherian, then so is A.
Proof. All of these statements are well known for the right noetherian
property (see [McR2, 9.4.12] for the definition of constructible algebra, and
[BG], [GW], [McR2] for proofs). The (universal) right noetherian property
follows for (1a–c), (2a), and (3), because the hypotheses are preserved when
A and B are replaced by A⊗ R′ and B⊗ R′.
(1d) Let R′ be a right noetherian R-algebra such that A⊗R′ is right
noetherian, let the image of the induced map φx A⊗ R′ → AS−1 ⊗ R′ be
A′, and for s ∈ S, let s = φs⊗ 1. Every element ofAS−1⊗R′ has the form
xs−1, with x ∈ A′ and s ∈ S. Therefore S = φS is a right denominator set
in A′, and AS−1 ⊗ R′ = A′S−1. Since A ⊗ R′ is right noetherian, A′ and
A′S
−1
are right noetherian too.
(2b) Assume B right noetherian and B/A finite over R. Let R′ be
a right noetherian R-algebra such that B′ = B ⊗ R′ is right noetherian,
and let A′ be the image of A ⊗ R′ in B′. Then B′/A′ ≈ B/A ⊗ R′ is a
noetherian right R′-module, hence a noetherian right A′-module. So the
hypotheses of Lemma 4.2 below are satisfied, and A′ is right noetherian.
Since B/A is a finite R-module, TorR1 B/A;R′ is right noetherian over
R′ and over A⊗ R′. The exact sequence
TorR1 B/A;R′ → A⊗ R′ → B⊗ R′ → B/A ⊗ R′ → 0
shows that A⊗ R′ is right noetherian.
Lemma 4.2. Let A ⊂ B be R-algebras. If B is right noetherian and B/A
is a noetherian right A-module, then A is right noetherian.
Proof. Let L be a right ideal of A. Since B is right noetherian, LB is
generated by a finite set of elements x1; : : : ; xn of L. Let I =
P
xiA. Then
LB/I is a quotient of the noetherian right A-module B/A⊕n, and L/I is
an A-submodule of this module, so it is noetherian. Therefore L is finitely
generated. This shows that A is right noetherian.
We remark that Irving’s examples of rings which do not satisfy generic
freeness (see [Ir2; Ir1, Sect. IV] or Example 5.9) are constructed using Ore
extensions and localizations, hence they are universally right noetherian, by
4.1(1e).
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Proposition 4.3. Let A be an R-algebra.
(1) If M is a right A-module with a finite filtration such that grM is
(universally) noetherian, then M is (universally) noetherian.
(2) If A is right noetherian and if A/P is (universally) right noetherian
for every minimal prime P , then so is A.
(3) If A ⊗R R/P is (universally) right noetherian for every minimal
prime ideal P of R, then so is AR.
Proof. (1) Say that the filtration is M = M0 ⊃ M1 ⊃ · · · ⊃ Mn = 0.
Let R′ be a right noetherian R-algebra, let A′ = A ⊗ R′, M ′ = M ⊗ R′,
and let M ′ν denote the image of Mν ⊗ R′ in M ′. Then M ′ν/M ′ν+1 is a quo-
tient of the right A′-module Mν ⊗R′/Mν+1 ⊗R′ ≈ Mν/Mν+1 ⊗R′. So
if Mν/Mν+1 ⊗ R′ is noetherian, then M ′ν/M ′ν+1 is noetherian and M ′ is
noetherian too. Assertions (2) and (3) follow from (1).
The following proposition is proved in [Sm, Prop. 53], or [Row, Exc. 7,
p. 180] when the base ring R is a field. “Affine” below means finitely gen-
erated as an algebra.
Proposition 4.4. Let A be an affine right noetherian PI R-algebra.
(1) A is universally right noetherian.
(2) Suppose R′ is a right noetherian R-algebra. For a finite right A-
module M , a finite right R′-module N , and for q ≥ 0, TorRq M;N is a
noetherian right A⊗ R′-module.
(3) If R is a domain, then every finite right A-module is generically free
over R.
Lemma 4.5. (a) Proposition 4.4 is true when A is a finite module over
its center Z.
(b) Suppose that the proposition has been verified for algebras of Krull
dimension < d. To prove it for algebras A of Krull dimension d, it suffices to
treat the case that A is a prime ring and that R ⊂ A.
Proof. (a) In this case, the center Z is finitely generated over R
[McR2, 13.9.10], and the three assertions of the propositions follow from
4.1(1e), 3.1, and [Ei2, 14.4] respectively.
(b) For 4.4(1), this follows from 4.3(3). For 4.4(2) and 4.4(3), a filtra-
tion argument reduces us to the case that M is a finite module over a prime
quotient of A, hence to the case that A is prime. Then (3) is trivial unless
R ⊂ A. Suppose that (2) has been verified when R is replaced by its image
R in A. Then M is an R-module, and there is a spectral sequence
E2pq = TorRpM;TorRq R;N ⇒ TorRp+qM;N 4:6
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[Rot, 11.51]. Since R is a finite R-module, TorRq R;N is a finite module
over R′ for all q (Lemma 3.1). Thus all E2pq are finite R
′-modules, and it
follows that TorRq M;N are finite R′-modules too.
Proof of Proposition 4:4: We may assume that A is a prime ring of di-
mension d which contains R as subring and that the proposition is true for
algebras of dimension < d. Let T be the trace ring of A [McR2, 13.9].
Then T is a central extension of A, T and its center Z are noetherian
affine R-algebras, and T is a finite left and right module over A and over
Z [McR2, 13.9.11]. So the proposition is true when A = T . Also, in the
exact sequence
0→ A→ T → T/A→ 0; 4:7
the annihilator I of the right A-module T/A is not zero [McR2, 13.9.6].
The induction hypothesis applies to the algebra A/I.
(1) We tensor (4.7) with with a right noetherian R-algebra R′, ob-
taining an exact sequence
TorR1 T/A;R′ → A⊗ R′ → T ⊗ R′ → T/A⊗ R′ → 0:
The induction hypothesis and (2) show that TorR1 T/A;R′ is a noetherian
A⊗R′-module. So it suffices to show that the image A′′ of A⊗R′ in T ⊗R′
is a noetherian ring. Since T is a finite central extension of A, T ⊗ R′ is
a finite central extension of A′′, and Eisenbud’s theorem [Ei1, Thm. 1]
implies that A′′ is right noetherian, as required.
(2) Induction on q reduces us to the case that M = A, and then the
exact sequence (4.7) reduces us to the two cases M = T and M = T/A.
Since the proposition is true for T , TorRi T;N is a finite T ⊗ R′-module,
hence a finite A⊗ R′-module. The case M = T/A follows by induction on
the dimension.
(3) Let M be a finite right A-module. We tensor with M , obtaining
an exact sequence
0→ L→M →M ⊗A T →M ⊗A T/A→ 0;
where L is the image of TorR1 M;T/A in M . Both L and M ⊗A T/A
are finite right A/I-modules; hence they are generically free by induction.
The finite right T -module M ⊗A T is also generically free. Therefore M is
generically free.
Affine PI rings which are not noetherian need not be generically flat.
For example, let k be a field and let R = kx and S = kx; y. Since S is
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a free R-module of countable dimension, there exist R-submodules V ⊂ S












Then M is a finite right A-module which is not generically flat over R.
Proposition 4.9. Let A be an -graded R-algebra.
(1) Let z ∈ A be a homogeneous normal element of positive degree.
Then A is (universally) right noetherian if and only if A/zA is.
(2) If A is (universally) right noetherian, so is every Veronese subring
Ad.
(3) If A is a domain, and if some Veronese subring Ad is (universally)
right noetherian for some d > 1, then A is (universally) right noetherian.
(4) If A;B are locally finite -graded R algebras, and if An = Bn for
n 0, then A is (universally) right noetherian if and only if B is.
(5) If A is right noetherian and PI and A0 is (universally) right noethe-
rian, then A is (universally) right noetherian.
Proof. (1) and (2) are true for the right noetherian property [ATV, 8.2;
AZ, 5.10(1)], and they follow for the (universal) right noetherian property
by extension of scalars. For (3), see [AS, 4.10], and (4) follows from 4.1(2b).
(5) follows by (1), 4.3(2), and induction on the Krull dimension.
Proposition 4.10. Let A be an -filtered R-algebra. If the associated
graded ring grA is (universally) right noetherian, so is A.
Proof. Let Fi denote the filtration of A. Let R′ be a right noetherian
R-algebra such that grA ⊗R′ is right noetherian, and let F ′i be the image
of Fi ⊗R′ in A′ = A⊗R′. Then F ′i is a filtration of A′. Since the canon-
ical map grA ⊗ R′ → grA′ is surjective, grA′ is right noetherian.
Corollary 4.11. Weyl algebras and universal enveloping algebras of finite
dimensional Lie algebras are universally noetherian.
Corollary 4.12. Sklyanin algebras over a field k are universally noethe-
rian.
Proof. See [Skl, ATV, OF] for a description of the Sklyanin alge-
bras. By a result of Tate and Van den Bergh [TV, Appendix A], an
n-dimensional Sklyanin algebra S is a subring of a skew polynomial ring
A = Kλij;σit1; : : : ; tn with relations
tif = σif ti for all f ∈ K and i;
tjti = titjλij for all i < j;
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where K is a finitely generated extension field of k, and S→ A is a left and
right faithfully flat extension. Then A is universally noetherian by 4.1(1e),
and S is universally noetherian by 4.1(2a).
Proposition 4.13. Let σ be an automorphism of a projective scheme Y
which is flat over R, and let N be a σ-ample invertible sheaf on Y , and let
N nσ = N σ
−n+1 ⊗ · · · ⊗ N σ−1 ⊗ N . The twisted homogeneous coordinate ring
B = BY;N ; σ =Ln≥0H0Y;N nσ  is universally noetherian.
See [AV] or [VdB] for a discussion of twisted homogeneous coordinate
rings. Let O = OY and ⊗ = ⊗O . The notation we use here is not standard,
but it is convenient for our purposes. It is more usual to define N nσ by the
formula N ⊗ N σ ⊗ · · · ⊗ N σn−1 . The two definitions differ by an automor-
phism, so the modules of global sections are isomorphic. In our notation,
the shift operator on O-modules which defines the twisted homogeneous




Recall that N is called σ-ample if for every coherent O-module M,
HqY; snM = 0 if q > 0 and n 0 [AV].
Proof of Proposition 4:13: Since the same proof works for the opposite
ring Bop, we only prove B is universally right noetherian.
First of all, B is right noetherian. This is a consequence of [AZ, 4.5], and
it is included in [VdB, 5.2] in the case that R is a field. Let eR be a right
noetherian R-algebra and let eO denote the quasicoherent sheaf O ⊗R eR on
Y . Let eOn denote the shift with respect to the ample line bundle which
defines the projective embedding of Y .
Let U be an affine open subset of Y . Whether or not eR is commutative,eOU = OU ⊗R eR is a right noetherian ring, because OU is a finite type
R-algebra. We define a quasicoherent eO-module eM to be a sheaf of righteO-modules which is quasicoherent as a sheaf over O. A coherent eO-module
is a noetherian quasicoherent module. By definition the action of eR on theeO-modules is from the right.
Lemma 4.14. (1) A quasicoherent eO-module eM is coherent if and only
if, for every affine open subset U of Y , eMU is a finite eOU-module. In
particular, eO is noetherian.
(2) For every coherent eO-module eM, there is a surjective map eQ → eM,
where eQ is a sum of sheaves of the form eO−r = O−r ⊗R eR.
(3) The quasicoherent eO-modules form a locally noetherian Grothendieck
category eC.
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Proof. (1) Let U be an affine open subset of Y , let A = OU, and leteA = A⊗R eR. Let eM be a quasicoherent eO-module, and let eM = eMU. The
equivalence of categories between A-modules and quasicoherent sheaves
on U extends to an equivalence between right eA-modules and quasicoher-
ent sheaves of eOU -modules. If eM = eMU is a finite eA-module, then eM is
noetherian, and therefore the restriction of the sheaf eM to U is noetherian.
If this is true for every affine open set U , then eM is noetherian.
Next, since a quasicoherent eO-module eM is quasicoherent as an O-
module, it is a limit of its coherent O-submodules, say lim−→ Fi ≈ eM. LeteFi = Fi ⊗R eR ≈ Fi ⊗O eO. Then eFiU is a finite eOU-module. The inclu-
sion Fi → eM extends to a map eFi → eM, and lim−→ eFi → eM is surjective. If eM
is noetherian, then the map eFi → eM is surjective for some i, which shows
that eMU is a finite eOU-module for all affine open sets U .
(2) As above, if eM is noetherian, there exists a coherent O-module
F and a surjective map eF → eM. Since F is coherent, there is a surjection
Q→ F , where Q is a sum of sheaves of the form O−r. Setting eQ = Q⊗R eR,
the map eQ→ eM is the required surjection.
(3) It is clear that the quasicoherent eO-modules form a Grothendieck
subcategory of the category of quasicoherent O-modules. The locally
noetherian property follows from (1) and (2).
We take as shift operator on eC the one coming from the twisted shift
on Y , i.e., s eM = eMσ−1 ⊗ N . This defines an autoequivalence of eC and the




Lemma 4.15. (1) For every noetherian eM ∈ eC and every q ≥ 0,
HqY; eM is a finite eR-module. Hence H0Y;eO is a right noetherian ring.
(2) For every noetherian object eM ∈ eC and for every n  0, sn eM is
generated by its global sections, and HqY; sn eM = 0 if q > 0.
(3) For n 0, H0Y; snO ⊗R eR ≈ H0Y; sneO.
Proof. We recall the exchange principle of Grothendieck [EGA, III2,
7.7.1(i)]. Let M be a coherent O-module which is R-flat. Then there is a
finite complex
L
. = 0→ L0 → · · · → Ln→ 0 4:16
of locally free R-modules such that, for any R-module V ,
HqY;M⊗R V  ≈ HqL.⊗R V : 4:17
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It follows from the existence of this complex that if HqY;M = 0 for q > 0,
then H0Y;M is a projective R-module. In this case, for any R-module V ,
H0Y;M⊗R V  ≈ H0Y;M ⊗R V 4:18
and HqY;M⊗ V  = 0 if q > 0 [EGA, III2, 7.9.10].
(1) Let eM be a noetherian object of eC. Descending induction on q
and 4.14(2) reduce us to the case that eM = eO−r, hence to the case thateM = M⊗R eR and M is R-flat. Setting V = eR in 4.17 shows that HqY; eM is
a finite eR-module.
(2) As before, it suffices to verify this when eM = M⊗R eR and M is flat
over R. Since N is σ-ample, we know that for n  0, snM is generated
by its global sections and HqY; snM = 0 if q > 0. Then 4.18 shows that
HqY; snM commutes with tensor products. Assertion (3) is obtained by
setting V = eR.
Proposition 4.13 follows from the next corollary.
Corollary 4.19. The rings 0eO and B⊗R eR are right noetherian.
Proof. To show that 0eO is noetherian, it suffices to verify the con-
ditions (H1)–(H3) of [AZ, 4.5]. The first two are included in 4.14(1)
and 4.15(1), and (H3), which says that s is ample, follows immediately
from 4.14(2) and 4.15(2). Then the fact that B ⊗R eR is noetherian follows
from 4.15(3) and 4.9(4).
Next we show that a connected graded noetherian domain A of GK-
dimension 2 over an algebraically closed field k is universally noetherian.
In [AS, 0.4 and 0.5], it is proved that, if A is replaced by a suitable Veronese
subring Ad:
Theorem 4.20. There is a twisted homogeneous coordinate ring B =
BY;N ; σ, where σ is an automorphism of a projective curve Y and a N is
an ample invertible sheaf on Y , such that A ⊂ B, B/A is finitely generated as
an A-module, and A and B have the same graded quotient ring.
We will use the following density theorem of Paul Smith.
Theorem 4.21. Let k be an algebraically closed field, and let A be a
connected -graded locally finite k-algebra. Let M be a graded right A-module
which is infinite dimensional and has no proper infinite dimensional quotient,
i.e., a critical module of Krull dimension 1. For every integer r and every
n  r, the map An → HomkMr;Mr+n induced by right multiplication is
surjective.
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Lemma 4.22. With the notation of Theorem 4.21
(1) Every nonzero submodule N has finite index in M , and the hypothe-
ses on M carry over to N .
(2) M is finitely generated.
(3) (Schur’s lemma) The endomorphisms of MA of degree zero are the
scalars, elements of k.
Proof of Theorem 4:21: The assertion boils down to showing that if
u1; : : : ; ud is a linearly independent set in Mr , then the image of the
map φdx A → M⊕d of degree r defined by φa = u1a; : : : ; uda has
finite index. Equivalently, if n is sufficiently large and if x ∈ Mr+n, then
there is an element a ∈ An such that uda = x and uia = 0 for i < d.
The case d = 1 follows from the hypothesis of the theorem because, since
ud 6= 0, udA has finite index in M . Hence we can solve uda = x for a ∈ A,
provided that n is sufficiently large.
By induction on d, we may assume that the image of φd−1 has finite
index in M⊕d−1. Let λ be the map A → M of degree r defined by left
multiplication by ud, let L = kerλ, and let N = kerφd−1. The image λN
has finite index in M unless it is zero. So either N +L has finite index in A,
or else N ⊂ L. If N + L has finite index, then for a ∈ An, and n  0, we
can write a = α+ β, with α ∈ N and β ∈ L. Then if a solves the equation
uda = x, we have udα = x and uiα = 0 for i < d, as required.
Suppose that N ⊂ L. Then since the image of φd−1 has finite index, there
is a tail M ′ =Ln≥k Mn of M and a map ψx M ′⊕d−1 →M ′ of degree zero,
such that λ = ψφd−1 on A′ =
L
n≥k−r An. By Schur’s lemma, ψ is a sum of
scalars, i.e., ψx1; · · · ; xd−1 =
P
i cixi for some ci ∈ k. Then for all a ∈ An
with n ≥ k− r,




This implies that v x= ud −
P
i<d ciui is annihilated by An for n 0. Then
vA is a finite dimensional submodule of M; hence v = 0. This contradicts
the linear independence of ui.
Theorem 4.23. Let A be a right noetherian connected -graded algebra
over an algebraically closed field k. A finitely generated graded right module
of Krull dimension at most 1 is universally noetherian.
Proof. Let R′ be a right noetherian k-algebra and let N be a finite right
R′-module. We use induction on the Krull dimension of N to show M ⊗N
is a noetherian right A⊗ R′-module. If M has Krull dimension zero, then
M is finite dimensional and M ⊗k N is noetherian over R′. If M has Krull
dimension 1, we may assume M critical [McR2, 6.2.9]. Also we may assume
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that N is critical. It suffices to show that M ⊗N/L is noetherian for every
nonzero submodule L ⊂M ⊗N . Let l x=Pi ui ⊗ bi be a nonzero element
in L where ui are linearly independent in Lr and bi are linearly independent
in N . By 4.21 there is an a ∈ A such that u1a 6= 0 and uia = 0 for i > 0.
Hence la = u1a⊗ b1 6= 0, which shows that L contains an element of the
form u⊗ b. We may assume that L = uA⊗ bR′. Because k is a field,
uA⊗ bR′ = uA⊗N ∩ M ⊗ bR′:
Hence
M ⊗N/uA⊗ bR′ ↪→ M/uA⊗N ⊕ M ⊗N/bR′:
The first term on the right is noetherian because M/uA is finite dimen-
sional, and the second term is noetherian by induction on N . Therefore
M ⊗N/L is noetherian as required.
Theorem 4.24. Let k be an algebraically closed field and let A be a con-
nected -graded noetherian domain of GK-dimension 2. Then A is universally
noetherian.
Proof. By 4.9(3) it suffices to show that the Veronese Ad is universally
noetherian for some d > 1, so it suffices to consider the situation of The-
orem 4.20. Proposition 4.13 shows that the algebra B which appears there
is universally noetherian. Because A and B have the same graded quotient
ring, the Krull dimension of B/A is 1. If R′ is right noetherian, then by
4.22 and 4.2, B/A ⊗ R′ is a noetherian A ⊗ R′-module, and A ⊗ R′ is
noetherian.
5. A PARTIAL CONVERSE
In this section, k denotes a field and k denotes its algebraic closure.
Theorem 5.1 (de Jong). Let G be a group and let A be a locally finite,
G-graded k-algebra. If Ak is graded right noetherian, then AK is graded right
noetherian for every field extension K of k.
Lemma 5.2. If a G-graded algebra A is not graded right noetherian, then
there is a countable subgroup G′ ⊂ G such that A′ =Lg∈G′ Ag is not graded
right noetherian.
Proof. An infinitely generated right ideal I of A contains one which
is generated by a countable set of homogeneous elements. The countable
set of degrees of these elements generates a countable group G′, and then
I ′ = I ∩A′ is not finitely generated.
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Proof of Theorem 5:1: By 4.1(3) and 5.2, we may assume that G is
countable, say G = g0; g1; : : :. By truncated right ideal I≤n of A we mean
a collection of R-submodules Iν ⊂ Aν for ν = 0; : : : ; n such that if µ;k ≤ n
and gµgν = gk, then IµAν ⊂ Ik. We fix a Hilbert function h, and study
the truncated right ideals with that Hilbert function. Let 0n denote the
Grassmanian of hn-dimensional subspaces of An = Agn . The degree gn
component In of a right ideal I with Hilbert function h is described by a
point pn of 0n. Thus the truncated ideal I≤n = I0 ⊕ · · · ⊕ In is described by
the point epn = p0; : : : ; pn of the product variety 00 × · · · × 0n. The con-
dition that a point epn of the product corresponds to a truncated right ideal
I≤n defines a certain closed subscheme Xn of 00 × · · · × 0n. Then a right
ideal of A with Hilbert function h corresponds to a point of the inverse
limit of the inverse system X← = · · · → Xn→ Xn−1 → · · ·, a sequence of
points ep = · · · 7→ epn 7→ epn−1 7→ · · ·.
For r ≤ n, the points epn ∈ Xn such that the truncated right ideal I≤n
is generated by I≤r are those lying in a certain open subset Ur;n of Xn.
The subset can be described explicitly as the set of points such that, for
µ ≤ r and k ≤ n, the matrix representing the map Lgµgν=gk Iµ ⊗ Aν →
Ik with respect to suitable bases has rank hk. Let Cr;n denote the closed
complement of Ur;n in Xn. Then a point ep corresponds to an infinitely
generated ideal if and only if the following condition holds:
For every r there is an n such that epn ∈ Cr;n. 5:3
The schemes Xn, Ur; n, and Cr; n are all defined over the ground field k, and
we can also speak of points with coordinates in an extension field K of k.
A point ep of the inverse limit X← such that epn has coordinates in K for
every n corresponds to a right ideal I of AK with Hilbert function h, and
the same condition (5.3) characterizes infinitely generated ideals of AK .
Given the right ideal I of AK , let Yn denote the Zariski closure over
the field k of the corresponding point epn in Xn. Then Y← = · · · → Yn →
Yn−1 → · · · is an inverse system of closed subsets Yn of Xn, defined over
k, and ep is a point of the inverse limit with coordinates in K. Therefore Yn
is nonempty for every n. Also, since Yn is a closed subset of 00 × · · · × 0n, it
is a projective variety. An inverse limit of nonempty projective varieties has
a point eq with values in the algebraically closed field k. Now if epn ∈ Cr; n,
then Yn ⊂ Cr; n; hence eqn ∈ Cr; n because Cr; n is closed. So if I is infinitely
generated, then the ideal J of Ak defined by eq is infinitely generated too.
Theorem 5.4. Let A be a locally finite right noetherian G-graded k-
algebra such that Ak is graded right noetherian. Then A is strongly graded
right noetherian if and only if generic flatness holds for A in the following
sense: For every finite type k-algebra R which is a domain and every finite
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graded AR-module M , there is a simple localization R′ of R such that MR′ is
flat (and hence projective) over R′.
Proof. Corollary 3.7 asserts that generic flatness holds if A is strongly
right noetherian. In the other direction, assume that generic flatness holds.
To show that AR = A⊗ R is right noetherian for all commutative noethe-
rian k-algebras R, it suffices to treat the case that A⊗R/` is right noethe-
rian for every nonzero ideal ` of R. So we assume this to be true. Then it
follows from 4.3(3) that R is a domain.
Note that, whether or not R is of finite type, a finitely presented graded
AR-module M is generically projective over R because the presentation
descends to a suitable finitely generated subring R0 of R, and generic pro-
jectivity extends from R0 to R. Also, if K denotes the field of fractions of
R, then AK is right noetherian by 5.1. Thus the theorem follows from the
next proposition, in which the subscript R has been suppressed.
Proposition 5.5. Let R be a commutative noetherian domain with field
of fractions K, and let A be a locally finite G-graded R-algebra. Assume that
(a) AK is graded right noetherian,
(b) A⊗ R/` is noetherian for every nonzero ideal ` of R, and
(c) every finitely presented graded right A-module is generically
projective.
Then A is graded right noetherian.
Proof. We adopt the following notation. Given a nonzero element s ∈ R,
we set R′ = Rs, R = R/Rs, and we denote by a prime or a bar the extension
of scalars to these rings.
Lemma 5.6. With the above notation, let M be a locally finite graded right
A-module. If M ′A′ and MA are finitely generated, so is MA.
Proof. Suppose that M ′ and M are finitely generated. We may choose
a finitely generated graded right module N and a map N → M such that
N ′ → M ′ and N → M are surjective. We wish to conclude that the map
N → M is surjective, i.e., that its cokernel is zero, or that if C is a locally
finite graded right A-module such that C ′ = 0 and C = 0, then C = 0. This
is true because C is locally finite, and because the same assertion is true
for a finite R-module.
Lemma 5.7. Let I be a graded right ideal of A. There is a simple localiza-
tion R′ of R such that I ′ is finitely generated.
Proof Since AK is graded right noetherian, IK is finitely generated. We
choose a finitely generated right ideal J ⊂ I such that JK = IK . The module
M = A/J is finitely presented, hence generically projective. Let R′ be a
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simple localization such that M ′ is projective. Then M ′ is R′-torsion free,
and I ′/J ′ ⊂M ′. On the other hand, I ′/J ′ is torsion because IK = JK . Thus
I ′ = J ′.
Lemma 5.8. Let I be a graded right ideal of A which is maximal with the
property of being infinitely generated. Then M = A/I is R-torsion free.
Proof. Let s be a nonzero element of R, and let J = a ∈ Aas ∈ I.
Since s is central, J is a graded right ideal. We must show that I = J,
and clearly I ⊂ J. Note that sJ = I ∩ sA. If s ∈ I, then I/sA is a right
ideal of the right noetherian ring A/sA = A; hence it is finitely generated.
Therefore I is finitely generated too, which contradicts the hypothesis. Thus
s 6∈ I. This implies that I + sA and I + sA/sA are finitely generated. Since
I + sA/sA ≈ I/I ∩ sA = I/sJ, and since I is infinitely generated, sJ and
J are infinitely generated too. Therefore J = I.
End of the Proof of Proposition 5:5: If A is not graded right noetherian,
it contains a right ideal I maximal with the property of being infinitely
generated. Let M = A/I. By 5.7, there is a nonzero element s ∈ R such that
I ′ is finitely generated. By 5.8, A/I is s-torsion free, and this implies that
TorR1 A/I;R = 0. The exact sequence 0→ I → A→ A/I → 0 shows that
I x= I ⊗ R ⊂ A. Since A is right noetherian, I is finitely generated. Since
I ′ is also finitely generated, I is finitely generated by 5.6. This contradition
completes the proof of Proposition 5.5 and of Theorem 5.4.
We will now review some examples of Irving, Resco, and Small to which
we have referred earlier.
Example 5.9 (Irving). A finitely generated and universally noetherian
-algebra A, and a finite A-module M which is not generically free over .
This example is taken directly from [Ir1]. Let S be the ring obtained from
the polynomial ring y by inverting 2, and also all of the elements y + 2n,
for n ∈ . Then S has an automorphism φ such that φy = y + 2. The
example is the Ore extension A = Sx; x−1; σ. It is generated as -algebra
by the set  12 ; y; y−1; x; x−1.
Proposition 5.10. With the above notation:
(1) A is a universally noetherian -algebra.
(2) The right A-module M = A/y − 1A is not generically free over .
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Proof. The first assertion follows from 4.1(1e). For the second one, note
that S/y − 1S ≈ , which is not generically free over  (though it is
flat, of course). Since A is a free S-module, A/y − 1A ≈ ⊗ A is not
generically free either.
Example 5.11 (Resco and Small). A finitely generated noetherian alge-
bra which is not strongly noetherian.
This example is taken from [RS]. Let k be a field of characteristic p > 0,
let E be a pure transcendental extension of k with countable transcendence
basis t1; t2; : : : ; and let K = Ep. Let δ be the K-derivation of E defined
by δti = ti+1. The example is the Ore extension A = Es; δ. Thus A is
a left and right principal ideal domain [GW, 1.11], which is generated as
K-algebra by the set s; t1.
Proposition 5.12. With the above notation,
(1) A⊗K E is not a noetherian ring, hence A is not a strongly noethe-
rian K-algebra.
(2) Let R be a finite type commutative K-algebra which is a domain.
Every finite A⊗K R-module M is generically free over R.
Proof. (1) Since E is a field, A is a free E-module. Therefore A⊗K E
is a free, and hence a faithfully flat, E ⊗K E-algebra. Since E is an infinite
algebraic extension of K, E ⊗K E is not a noetherian ring. So A ⊗K E is
not noetherian either.
(2) The ring R′ = E ⊗K R is noetherian because R is of finite type
over K. Since A is an Ore extension of E, it suffices to show that every
finite R′-module is generically free over R (Proposition 3.10). By noetherian
induction, it suffices to treat a module of the form S = R′/P ′, where P ′ is a
prime ideal. Since P ′ is finitely generated, there is a subfield E0 ⊂ E which
is a finite extension of K and a prime ideal P0 of R0 = E0 ⊗K R such that
P ′ = P0R′. Let S0 = R0/P0. Then S0 is a finite R-module, so it is generically
free over R. Moreover, S ≈ E⊗E0 S0 is a free S0-module, so S is generically
free over R too.
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